where j, k = 1, .. ., n. Let xa = xa(xl, . i. , x) be a solution of (1). Then the xa(x) will be differentiable functions; this follows from the theorem on the solution of implicit equations and the fact that the determinant Ial k O over Rn. Now from the first set of equations (1) we have
From these relations and the second set of equations (1) 31, 1945 rank 1 over R2 (in particular J may be the Gaussian curvature K of R2).
Then form the scalars J1 = ga"JaJO and J2 = gaf3J where the Jaj, are the components cf the second covariant derivative of J.
LEMMA. A space R2 of category 1 having the fundamental scalar invariant J admits coordinates x, y (covering any point P of R2) for which J = x and the line-element has the form ds2 = p(x)dx2 + q(x)dy2.
(2)
We can suppose -J/bxl $ 0 at any point P cf R2 where xl, x2 are the coordinates of a suitably chosen system. Then ?11 = J(X', X2), X2 = X2 defines a non-singular transformation of a neighborhood of P. Let g" Oa, (77) by (3) where the indices 1 and 2 refer to the variables u and v, respectively. Hence kl2 = 0. Also J = u and hence J1 = kll = f(u) since J1 is functionally dependent on J by hypothesis. Since kll = l/k1 it follows that kil = p(u). We now have X 12 = -J¢sk'r kaa6 = -kllrll-k22rL (4) where we have used the r's to denote the Christoffel symbols relative to the u, v system. Now ka = 0. Taking a = = y = 1 the resulting equation shows that rl1 is a function of u alone. Since J2 is a function of u alone, it now follows that the quantity k221r% in the right member of (4) we obtain the form of the line-element given by (2), and J = x. This completes the proof of the lemma. Now consider another space R2 of -category 1. A necessary condition for the isometric correspondence of R2 and R2 is that the three equations J = J, J1 = J, and f2 = J2 admit a solution i" = xa(XI, x2) where L J and J2 denote the scalars in P2 which correspond to the scalars J, Ji and J2 in R2. We assume the existence of this solution. Since Ji 5 0 in R2 it follows that J1 $ 0 in R2. Hence J is a fundamental scalar invariant for A2. Now suppose P -JP by the correspondence i, = x'(xI, x2). Introduce the coordinates x, y in the neighborhood of the point P as given by the above lemma for the space R2 and the corresponding co6rdinates x, y in the neighborhood of P for the space 1?2 relative to which we have
The above solution i" -Ea(XI, x2) implies the existence of a solution x = x(x, y), y = y(x, y) of the equations J = J,L1 = J1 and L2 = A2 relative to these new co6rdinates. But from J = J we have x-x. Also the relation JL1 = J yields kl(F) = gll(x) from which we deduce jii(x) = gll(x) or = p(x). Then from L2=J2 we find I 11+J?=i + 22 ir+ g22r.
Since g1' depends on x alone it follows that r1% depends on x alone. Similarly for i%. Also from the relations,g-I = gIl, kll glu and x = x we obtain irll(x) = rll(x). Hence (6) reduces to g22r; = g22r%. On simplifying, this latter relation becomes 1 dq idz qdx qdx
Then using'the fact that x = x and integrating we have q = C2q where C is a cofistant.
From the relations p(x) =p(x), q) = C2q(x) and x = x we see im- In another paper' the writer established a congruence involving Bernoulli numbers, which can be extended, as we shall now show, to the generalized Bernoulli numbers of the first order. Such a number, b.(g, h), is defined as the number obtained by expanding (gb + h)n in full by the binomial theorem and substituting bk for bk where bk is obtained by the use of the formula (b + 1)' = ba, i > 1, and the left-hand member is expanded as before and bk is substituted for bk. Let p be an odd prime. Then p -1 has the form mc, with c even. Now consider the expression (1-(dp + 1)P-1)2 = N (mod p2), () p where p ranges over all the values such that pC 1 (mod p2), Any term in this expression reduces to unity, modulo p2, if p is such that dp + 1 O (mod p).
(2) For each p that does not satisfy (2), the corresponding term of (1) is divisible by p2. In the relation x' = 1 (mod p2), the c incongruent solutions modulo p2 are also incongruent modulo p. Hence, N in (1) is the number
